An analytical method is presented for treating the problem of a uniformly rotating, self-gravitating ring without a central body in Newtonian gravity. The method is based on an expansion about the thin ring limit, where the cross-section of the ring tends to a circle. The iterative scheme developed here is applied to homogeneous rings up to the 20th order and to polytropes with the index n = 1 up to the third order. For other polytropic indices no analytic solutions are obtainable, but one can apply the method numerically. However, it is possible to derive a simple formula relating mass to the integrated pressure to leading order without specifying the equation of state. Our results are compared with those generated by highly accurate numerical methods to test their accuracy.
INTRODUCTION
The problem of the self-gravitating ring captured the interest of such renowned scientists as Kowalewsky (1885) , Poincaré (1885a,b,c) and Dyson (1892 Dyson ( , 1893 . Each of them tackled the problem of an axially symmetric, homogeneous ring in equilibrium by expanding it about the thin ring limit. In particular, Dyson provided a solution to fourth order in the parameter σ = a/b, where a provides a measure for the radius of the cross-section of the ring and b the distance of the cross-section's centre of mass from the axis of rotation. An important step toward understanding rings with other equations of state was taken by Ostriker (1964a Ostriker ( ,b, 1965 , who studied polytropic rings to first order in σ and found a complete solution to this order for an isothermal limit.
First numerical results for homogeneous rings were given by Wong (1974) , who was not able to clarify the transition to spheroidal bodies that Bardeen (1971) had supposed would exist. Eriguchi & Sugimoto (1981) and Eriguchi & Hachisu (1985) developed improved methods with which they were able to study the connection to the Maclaurin spheroids. Returning to the problem significantly later, Ansorg, Kleinwächter & Meinel (2003c) achieved near-machine accuracy, which allowed them to study bifurcation sequences in detail and correct erroneous results. It was also possible to extend the problem to nonhomogeneous rings and even to the framework of General ⋆ E-mail: D.Petroff@tpi.uni-jena.de † E-mail: S.Horatschek@tpi.uni-jena.de Relativity (Hachisu 1986; Ansorg, Kleinwächter & Meinel 2003b; Fischer, Horatschek & Ansorg 2005) .
Through the use of computer algebra, we extend Dyson's basic idea and determine the solution to the problem of the homogeneous ring up to the order σ 20 . We also present an iterative method for performing a similar expansion about the thin ring limit for arbitrary equations of state and general results are derived, confirming and generalizing work that had already been published by Ostriker (1964b) . The application to polytropes is considered and ordinary differential equations (ODEs) are found that allow for the determination of the mass density. A closed-form solution can only be found if the value of the polytropic index is n = 1, and such rings are considered to the order σ 3 . For other polytropic indices, the ODEs are solved numerically so that results from the approximate scheme can be compared to highly accurate numerical results for a variety of equations of state. The numerical solutions considered here are taken from a multi-domain spectral program, much like the one described in Ansorg, Kleinwächter & Meinel (2003a) , but tailored to Newtonian bodies with toroidal topologies (see Ansorg & Petroff 2005 for more information). The solutions obtained by these numerical methods are extremely accurate and thus provide us with a means of testing the accuracy of the approximate method. 2 THE APPROXIMATION SCHEME
The Coordinates
To describe axially symmetric rings, we introduce the polarlike coordinates (r, χ, ϕ), which are related to the cylindrical coordinates (̺, z, ϕ) by ̺ = b − r cos χ, z = r sin χ, ϕ = ϕ.
For a given value of ϕ, constant values of the coordinate r are circles centred about (̺ = b, z = 0) and χ measures the angle along any such circle. Fig. 1 provides an illustration of the coordinates. The surface of the ring will be described by a function rs(χ). In our coordinates, the Laplace operator applied to a function f = f (r, χ) reads 
We choose the constant b in such a manner that the centre of mass of the ring's cross-section coincide with r = 0, thus implying 
where µ is the mass density.
Basic Equations
For solving the problem of a self-gravitating fluid in equilibrium, we have to fulfil Laplace's equation
outside the fluid and Poisson's equation
inside it, where U is the gravitational potential. Additionally, we have to satisfy Euler's equation
where v is the velocity of a fluid element and p the pressure. We consider uniform rotation about the axis ̺ = 0 with the angular velocity Ω and thus have the velocity field
leading to
We introduce the pressure function
which is nothing other than the specific enthalpy in the case of constant specific entropy. Integration gives
where V0 is the constant of integration. At the surface of the ring, where the pressure vanishes, we have
Series Expansions
The thin ring limit is approached when the ratio of the inner radius ̺i to the outer one ̺o tends to 1. In this limit, the cross-section of the ring becomes a circle. This is the starting point of the approximation. As an interesting aside, if one considers a ring surrounding a central body, for example a point mass, the cross-section of the ring can deviate significantly from a circle even if the radius ratio is close to 1, see Fig. 8 in Ansorg & Petroff (2005) . We describe the surface of the ring up to order q by the Fourier series
where
There are no sine terms because of reflectional symmetry with respect to the equatorial plane, a symmetry necessarily present for fluids in equilibrium (see Lichtenstein 1933) . To the leading order, the cross-section is indeed a circle of radius a. We make a similar ansatz for the mass density, pressure function, pressure and the potential inside the ring
where we have introduced the dimensionless radius
The quantity µc is chosen to be the mass density at the point r = 0 and does not represent the density's maximal value, although it will not differ significantly from it in general. For the square of the angular velocity, we write
and for V0
Since the potential outside the ring contains logarithmic terms in r it will come as no surprise that there are ln σ terms in the coefficients of our series. Like Dyson, we introduce
Because limσ→0 σλ α = 0 for all α, this dependence will not pose a problem for the iteration scheme.
Determination of the Coefficients
We now present a method for determining µ qk , Ωq+1 and β qk given that the previous terms in σ i are known. The idea used in Dyson's approximation scheme for homogeneous rings makes use of the Poisson integral to determine the gravitational potential in terms of the (still unknown) function rs(χ) along the axis of rotation (Dyson 1892) . This is only possible since the mass density is completely determined for homogeneous matter once the shape of the ring is given. In general, however, it is necessary first to determine µ to the desired order before being able to perform the integral. By taking the divergence of the Euler equation (8), using (5) and expressing h as a function of µ using the equation of state, we obtain a second order PDE for µ:
Expanding in terms of σ and requiring that the equations be satisfied for each power in σ and each term in the Fourier expansion then results in ODEs for µ qk (y) once an equation of state has been specified. These functions must be regular at the origin and chosen such that µ00(0) = 1 and µ ik (0) = 0 for all other i and k so as to be consistent with the choice µ(0, χ) = µc. For k = 0, this condition suffices to determine the function uniquely. For k = 1, 2, . . . , q, the remaining constants in the solutions of the ODEs are found by requiring that the pressure and thus pressure function vanish at the surface. Demanding this for each of the coefficients in a Fourier expansion, provides q + 1 equations for the remaining q constants. The additional equation can be used to determine βq0. Although the Poisson integral is valid everywhere, for technical reasons, we first calculate the potential on the axis of symmetry only. After this, we determine the potential outside the ring and in particular along its surface, where (11) must hold.
We label the coordinates for a point on the axis (R, χR) ≡ (r, χ), from which
follows. The axis potential is
where ψ := χ ′ − χR and P l denote the Legendre polynomials. Please note that the expansion in terms of powers of 1/R indicated in the last line is not trivial, since there is an R-dependence hidden in the terms with ψ. Because of reflectional symmetry, there are only terms with odd powers in 1/R. We expand A l with respect to σ
Using Uaxis, we can then find the potential anywhere in the vacuum region. To do so, we first introduce a set of axially symmetric solutions to Laplace's equation that vanish at infinity. We define
which is nothing other than a multiple of the potential of a circular line of mass with radius b, centred around the axis. In (r, χ, ϕ)-coordinates it reads
where K denotes the complete elliptic integral of the first kind,
Because the difference of two such solutions with different b's also satisfies Laplace's equation, it is clear that
is also a solution of Laplace's equation. Next we note that along the axis we have
It then follows that the potential in the vacuum region is
since this expression satisfies Laplace's equation, vanishes at infinity and has the correct value along the axis. For calculating the potential at the body's surface we expand I l (r, χ) for r < b. For example we get
After evaluating these equations for I l (r, χ) at the surface r = rs(χ), we use (32) to find the coefficients φ ik in the expansion
The coefficients φ qk still depend on q unknown β qk (remember that βq0 is already known). By comparing the coefficients of cos(kχ) (k = 1, 2, . . . , q), equation (11) provides q equations. Together with equation (3) to the relevant order in σ, we can solve for Ωq+1 and the aforementioned β qk . The absolute term (cos(0χ)) gives a relation between Ωq+2 and vq.
GENERAL RESULTS TO FIRST ORDER
The approximation scheme described above allows us to draw certain conclusions even without specifying the equation of state, thus generalizing results that were published for polytropes by Ostriker (1964b) . To leading order in σ, where nothing depends on the angle χ, the ring (here a torus) is equivalent to an infinitely long cylinder, a problem that was studied by Chandrasekhar & Fermi (1953); Ostriker (1964a) . Equation (22) now reads
since the integrated Euler equation (10) tells us that
must hold, i.e.
At the surface of the ring r = rs, the pressure vanishes, corresponding to h(r = rs) = 0, and we thus find h00(1) = 0 (38) and β11 = −h11
By multiplying (35) by π 2 µca 2 by and integrating from 0 to 1, one finds that the mass M to leading order can be related to the derivative of h00 at the point y = 1 according to
A particularly interesting relation involving the square of 
homogeneous matter polytrope with n = 1 polytrope with n = 3 Figure 2 . Numerical examples demonstrating how 4πbP/GM 2 tends to 1 in the thin ring limit for various equations of state, cf. equation (42).
the mass can be derived by considering the integral over the pressure
To leading order, upon taking (35) into account, this integral reads
Numerical examples demonstrating how 4πbP/GM 2 approaches 1 in the thin ring limit for various equations of state can be found in Fig. 2 .
Equation (3) tells us that
holds. The terms from the expansions (32) and (25) of the potential in the vacuum that we need here are
and
where we used (43). The coefficient Ω2 from the expansion of the square of the angular velocity follows from the coefficient in front of cos(χ)σ in (11) and reads
According to (32) and (33), the potential at the surface is
and the constant of integration V0 then follows immediately from the leading order of (11)
The term g − β11 appearing in the above equation can be treated further by considering the rotational energy T and potential energy W and making use of the virial identity
which then implies
By restricting ourselves to the polytropic equation of state (see (88)), we can rewrite the above integral to read
where the last step follows from (42). Putting this expression into (50) and using (42) again then yields
Taking into account 1 − ̺i/̺o = 2σ, which holds to leading order, we can use (46) to write
and (48) can be written as
for polytropes in the thin ring limit. Similar equations can be derived for J, T , P and via the virial identity for W (see Ostriker 1964b ). These equations also hold for homogeneous bodies (n = 0) and numerical examples demonstrating the behaviour (54) are provided in Fig. 3 . Figure 3 . Numerical ring sequences (solid lines) for homogeneous matter (upper curve) and polytropes with n = 5 (lower curve) are plotted for rings approaching the thin ring limit. The asymptotic behaviour as given by equation (54) is indicated by the dashed lines.
HOMOGENEOUS RINGS
Homogeneous matter is defined by the simple mass distribution
and we can write
The integral (9) for the pressure function gives h = p/µc, which means that h ik = p ik . For homogeneous rings, it is possible to choose
without loss of generality.
The Zeroth Order: σ 0
To leading order, the ring is truly a torus
and equation (3) is thus automatically fulfilled. The potential along the axis is that of a solid torus 1 , which can be written down explicitly
An expansion in powers of 1/R then gives
We can extend this axis potential to the whole exterior of the ring via (32), and expand it on the surface (58) by using (33) in σ. We get
1 E denotes the complete elliptic integral of the second kind,
which implies
Evaluating equation (11) confirms (37) and provides the relation
This equation cannot be further evaluated until the next order q = 1. To calculate the inner structure, we have to solve equation (35), where the mass density is given by (56). The solution is
At the centre, the pressure function has to be regular, thus C1 = 0, and it must vanish at the surface (38), thus C2 = 1. The integrated Euler equation (10) gives us the potential to this order
where both v0 and Ω2 are unknown, but the required combination of them is given by (63) and we can conclude
which indeed gives (61) at the surface.
The First Order: σ 1
The surface function reads
and equation (3) becomes
This gives
cf. (43), which means that we have again the surface function (58), but one step further in σ:
Accordingly, we get the same potential as (59), but with o(1) instead of o(σ −1 ). The expansion in terms of powers of 1/R gives
The new coefficients are
Again we are able to calculate the potential at the body's surface (68) via (32), (33) and the corresponding equation for I2. We get
which gives us the new coefficients
Plugging the expansion
together with (20) and (71) into (11) yields two new equations when one collects the coefficients in σ i cos(kχ):
Using equation (63) then gives
Equation (75) cannot be further evaluated until the next order q = 2. For the mass and the angular momentum, we get
To leading order, ̺i/̺o = 1 − 2σ holds, and we can conclude that
as we already saw in (54), see also equation (11) in Fischer, Horatschek & Ansorg (2005) . To calculate the inner quantities, we have to find a solution to (22). The ansatz (15) leads to the ODEs
Note that the 2y term in the second equation results from h00 = 1 − y 2 , which is already known. The solutions of these equations that are regular at the centre and obey h(rs) = 0 are
Using these results, equation (10) then gives
After finding the inner potential and pressure, we can calculate the potential energy
-, the rotational energy
and the integral over the pressure (86) to first order. We see that the virial theorem (49) is fulfilled at the leading order.
For further results see Tables B1-B4 .
Discussion for Homogeneous Rings
With this approximation method, we are able to calculate e.g. the shape, angular velocity and pressure of the ring up to arbitrary order in σ. We have done so up to the 20th order. An important question is how good this method is. In Tables 1, 2 and 3 one can see how the dimensionless quantitieŝ
improve in accuracy with increasing order for different radius ratios. Especially for thin rings, we get very accurate results. In fact, for rings with radius ratios ̺i/̺o ≈ 0.85 we achieve a precision which is comparable with that given by the numerical method described in Ansorg, Kleinwächter & Meinel (2003a) . For larger radius ratios, the accuracy is thus better. As a co-product, our work provides an independent test of the accuracy of the numerical method (better than 10 −13 cf. Table 1 ). The shape of the ring in meridional cross-section for various radius ratios can be found in Fig. 4 . The curves to order q = 20 can barely be distinguished from the numerical ones for ̺i/̺o 0.3. As one approaches the transition to spheroidal topologies (̺i/̺o → 0), the true curve becomes pointy at the inner edge and is no longer well represented by our Fourier series. Nevertheless, the shape of the ring is quite well approximated even for ̺i/̺o = 0.1, as seen in Fig. 5 . The surface function rs(χ), which is a constant to leading order, clearly approaches the numerical one with increasing q. The pressure in the equatorial plane can also be seen to approach the numerically determined one for ̺i/̺o = 0.3 in Fig. 6 . It is interesting to note that the centre of mass does not coincide with the point of maximum pressure. In For large/small polytropic indices n, the equation is referred to as 'soft'/'stiff' and it includes homogeneous matter as the limit limn→0 K n = 1/µ = 1/µc. From now on, we shall use the terms 'homogeneous matter' and 'n = 0' interchangeably. For polytropes, (22) becomes
Instead of our coordinate y, we are now going to make use of a new dimensionless radial coordinate, applicable to poly- Figure 6 . The pressure in the equatorial plane for a homogeneous ring with radius ratio ̺ i /̺o = 0.3 for different orders q compared to the numerical result. It is interesting to note that the centre of mass of the cross-section does not coincide with the point of maximum pressure. To the order q = 18 we getb := (b − ̺ i )/(̺o − ̺ i ) = 0.503 andp := (̺p,max − ̺ i )/(̺o − ̺ i ) = 0.480, which differ by less than 1% from the numerical values.
To lowest order in σ, and upon introducing and the expansioñ
equation (89) 
This equation is sometimes referred to as one of the generalized Lane-Emden equations (of the first kind) and solutions to it have been derived and studied in e.g. Goenner & Havas (2000) . No solutions other than for n = 0 and n = 1 have been found for our particular parameters in closed-form and a discussion using symmetry transformations suggests that they do not exist, (Goenner 2001 ). In the limiting case n = 0, this equation provides an alternative, but less transparent, Table 3 . For a given radius ratio ̺ i /̺o = 0.2, physical quantities to different orders in q are compared to the numerically determined valuesMnum = 0.9424,Ω 2 num = 0.9844,Ĵnum = 0.4545,Pnum = 0.07865, Tnum = 0.2255,Ŵnum = −0.6869. q σMq/Mnum − 1Ω 2 q /Ω 2 num − 1Ĵq/Ĵnum − 1Pq/Pnum − 1Tq/Tnum − 1Ŵq/Ŵnum − 1 1 0.67 1.0 7.5 × 10 −1 1.6 5.1 1.6 2.8 2 0.54 3.2 × 10 −1 3.5 × 10 −1 3.9 × 10 −1 1.6 3.2 × 10 −1 7.6 × 10 −1 3 0.54 3.2 × 10 −1 2.7 × 10 −1 3.5 × 10 −1 1.1 5.4 × 10 −1 7.2 × 10 −1 4 0.51 1.9 × 10 −1 1.7 × 10 −1 2.1 × 10 −1 6.3 × 10 −1 2.1 × 10 −1 3.6 × 10 −1 10 0.47 6.4 × 10 −2 6.9 × 10 −2 7.1 × 10 −2 1.9 × 10 −1 8.7 × 10 −2 1.2 × 10 −1 20 0.46 2.2 × 10 −2 2.7 × 10 −2 2.3 × 10 −2 6.0 × 10 −2 3.2 × 10 −2 4.2 × 10 −2 method to the one presented above for treating homogeneous matter to lowest order. We concentrate in the next section on the special case n = 1. For other polytropic indices, the iterative method presented here can be applied with the help of numerics. By describing the unknown density termsμ ik using Chebyshev polynomials and expanding all the quantities involved in terms of λ, equations can be formulated for purely numerical coefficients. The equations of the approximation scheme described in Section 2 must be fulfilled, whereby the ODEs forμ ik are evaluated at collocation points of the Chebyshev polynomials. In general, the density functionsμ00 are not analytic atr =ā, meaning that high order polynomials may be necessary to find a good approximation of the function desired. We none the less chose this method, since the equations involve integrals over the density for which one endpoint of integration contains the unknown surface function rs(χ), making their polynomial representation particularly useful.
If one is only interested in determiningā, β11 and Ω2, then it is not necessary to combine such numerical and algebraic techniques and one can choose any numerical method for solving the ODEs. One begins by solving equation (93) numerically for the desired polytropic index n, prescribing the 'initial conditions'μ00(0) = 1 and d drμ 00˛r =0 = 0. For spherical polytropic fluids, a surface of vanishing pressure is known to exist only for n < 5, where the surface for n = 5 extends out to infinity. The situation for polytropic rings is quite different -it seems that arbitrarily large polytropic indices are possible! Numerical solutions to (93) indicate that the density function µ00 indeed falls to zero for large n. The value ofr at the first zero of the solution isā. One then proceeds to solve equation
forμ11 with the conditionμ11(0) = 0 and where
has to be chosen so as to fulfil the centre of mass condition (3) to first order, which reads (cf. (43)) 0 =ā
The constant β11 can then be found using equation (39), Table 4 . The values of expansion coefficients for the surface function rs(χ) and for the squared angular velocity are provided up to first order for different polytropic indices n. The value ofā for n = 0 can be found by solving (93) with n = 0 and the conditions d drμ 00 |r =0 = 0 andμ 00 (0) = 1 and then locating the first zero of µ 00 . which now reads
and Ω2 is taken from (53). The behaviour of these coefficients as they depend on the polytropic index n can be found in Table 4 . The table suggests thatā → ∞ and Ω2 → 0 exponentially in n for n → ∞, which is indeed known to hold (Ostriker 1964a,b) . The behaviour of the specific kinetic energy of a particle in the ring, proportional toā 2 Ω2 to leading order, will be discussed in Section 6 together with the behaviour of β11 for large n.
We provide a comparison of precise numerical values for various (dimensionless) physical quantities with their first and third order equivalents in Table 5 . The dimensionless quantities, valid for any polytropic index n > 0 arē
One can see that the accuracy of the method does not depend strongly on the polytropic index and that relative errors at third order are well below one percent for rings with a radius ratio of 0.9. Table 5 . Physical quantities to the first and third order in σ are compared to the correct, numerically determined values for given polytropic index n and given radius ratio ̺ i /̺o = 0.9. The polytropic indices n = 1.5 and n = 3 correspond to a non-relativistic and ultra-relativistic completely degenerate Fermi gas respectively. We rewrite (93) for n = 1, remembering that nowμ = µ,
and can immediately write down the general solution
where Jn is a Bessel function (of the first kind) and Yn a Neumann function (also called a Bessel function of the second kind), see e.g. Prudnikov, Brychkov & Marichev (1990) . The condition µ(r = 0, χ) = µc tells us that C1 = 1 and C2 = 0. The first positive zero of J0 determines value for a from (12). We refer to the kth positive zero of the nth Bessel function as j nk and can then writē
The value for a =ā p K/G is independent of the choice of µc, which is not the case for other polytropic indices. This is due to an interesting invariance for n = 1: if U (x), µ(x) = K p p(x) and v(x) are solutions to the Poisson and Euler equations, then so are αU (x), αµ(x) = K p α 2 p(x) and √ αv(x), where α is an arbitrary scaling factor.
The First Order: σ 1
The unknown quantities we have to solve for are µ10(r), µ11(r), β10, β11 and Ω2. From (22), one finds the differential equations
Considering only solutions that vanish at the pointr = 0, so as to maintain our choice µ(0) = µc, we find
where the argument of the Bessel functions is always √ 2πr unless otherwise specified. The requirement that the density vanish at the surface of the rings determines
and relates the constant C3 to the surface function
The constant β11 is determined by stipulating that the centre of mass coincide with the point (̺ = b, z = 0) as in (3)
Recalling the definition λ := ln 8 σ − 2, one finally obtains
from (11).
The Second Order: σ 2
To second order, the unknown quantities that have to be solved for are µ20(r), µ21(r), µ22(r), β20, β21, β22 and Ω3. The ODEs describing the mass density now read
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The solutions vanishing atr = 0 are
The constants C4 and C5 can be related to the surface function by requiring that µ(rs) = 0 hold independently for the coefficients in front of cos χ and cos 2χ. The result is
Requiring the same of the coefficient in front of cos 0χ gives
Evaluating (3) tells us that
The values for the remaining constants follow from (11): 
The Third Order: σ 3
The third order is the final one to be presented here, but the iterative scheme can be applied up to arbitrary order assuming that one is able to solve the differential equations for the mass density and perform the necessary integrals. The ODEs that result for this order are
The solutions to these equations obeying the requirement µ qk (0) = 0 are 
The constants β30, C6, C7 and C8 are determined by requiring that µ(r = rs) = 0 hold independently for the coefficients in front of the cos 0χ, cos χ, cos 2χ and cos 3χ terms. The result is β30 = 0, 
Equation ( 
and (11) gives (5λ + 9) + 1 j 4 01
Physical Parameters to the Third Order
The shape of the rings to third order that results from equation (12) is compared to numerical results of the corresponding radius ratio in Fig. 8 . For thin rings, the numerical and third order curves are indistinguishable. As the radius ratio is decreased, the numerical results show that the outer edge becomes pointier, right up to the mass-shedding limit for the value ̺i/̺o = 0.25322 . . .. For such a ring, a fluid particle rotating at the outer rim in the equatorial plane has a rotational frequency equal to the Kepler frequency, meaning that it is kept in balance by the gravitational and centrifugal forces alone -the force arising from the pressure gradient vanishes. The shape of the ring with the cusp that forms for mass-shedding configurations is not well represented by a small number of terms in our Fourier series.
Using the results of the last subsection, we write down expressions for various physical parameters and can use them to verify that the virial identity (49) is satisfied to each order in σ. Up to and including third order one finds 
In the derivation of the above expressions forP andW , we have made use of the identity 
for the Gauss hypergeometric function pFq (a1, a2, . . . , ap; b1, b2, . . . , bq; z)
with the Pochhammer bracket
A proof of (141) can be found in Appendix A. Figure 10 . The dimensionless mass divided by the outer radius is plotted versus the radius ratio for rings with polytropic index n = 1. This quantity tends to the valueM/̺o = 2πj 01 J 1 (j 01 ) = 7.84 . . . in the thin ring limit, which is marked by a tick.
In order to gauge the accuracy of the expressions listed above, some of them are plotted to first and third order in comparison to numerical values in Figs 9-11. The accuracy of the numerical values is high enough so as to render the corresponding curve indistinguishable from the 'correct' one and is plotted in its entirety, i.e. from the thin ring limit right up to the mass-shedding limit. The curves to first and third order were drawn by taking the expression for̺i,̺o, Ω 2 ,M andJ to first and third order respectively, inserting a numerical value for σ and then taking the appropriate combination of these numbers. One finds in all three plots that the third order brings a marked improvement as compared to the first one, but that the behaviour near the mass-shedding limit is not particularly well represented.
A LIMIT OF INFINITE POLYTROPIC INDEX
As n tends to infinity, the polytropic equation (88) shows us that pressure and density are proportional Figure 11 . The dimensionless angular momentum divided by the square of the outer radius is plotted versus the radius ratio for rings with polytropic index n = 1. This quantity as a function of radius ratio tends logarithmically to infinity.
a case sometimes referred to as 'isothermal' because such an equation holds for an ideal gas at constant temperature. Inserting this into equation (22) at leading order and again using the dimensionless coordinater yields
The solution to this equation with our normalization µ00(r = 0) = 1 reads
The density and pressure fall to zero asr → ∞ ⇔ r → ∞. Integrating over the density to calculate the normalized mass, one finds to leading order
which can also be read off from equation (42) directly, by making use ofM =P , which is self-evident upon taking (143) into account. In Fig. 12 , the behaviour ofM /4πb can be followed from the homogeneous case, n = 0, right up to the isothermal limit n → ∞. Making use of (145), we find that
where g was defined in (45). It thus follows from (52) that
as already suggested by the results of Table 4 . We can then see that the specific kinetic energyā 2 Ω2 tends to infinity such that for fixed λ lim n→∞ 2πā 2 Ω2 n + 4λ = 1.
From the fact that |β11| tends to infinity, we can conclude that the range of σ values for which the first order provides a good approximation shrinks to the point σ = 0. In general, for a given equation of state, there exist ring solutions over an interval of radius ratios ranging from 1 in the thin ring limit down to a minimal value at the massshedding limit. The numerical values presented in Table 6 0. Figure 12 . The dimensionless mass divided by 4πb in the thin ring limit is plotted versus n/(n + 1) over the whole range of polytropic indices n ∈ [0, ∞). The points for n = 0, n = 1 and n → ∞ are known analytically and the remainder of the curve was generated by solving the equation forμ 00 numerically and making use of equation (40). Table 6 . The radius ratio of the mass-shedding ring for various polytropic indices n. The value ̺ i /̺o = 0 indicates the transition from toroidal to spheroidal topologies, which only exists for n 0.36. demonstrate that this minimal value grows for increasing n. The value for ̺i/̺o at which one reaches the mass-shedding limit presumably tends to 1 as n tends to infinity. This would imply that the isothermal thin ring limit presented above and even to first order by Ostriker (1964b) , i.e. in which the cross-section of the ring tends to that of a circle, is not unique. Analytic work including a family of isothermal thin ring limits and containing the mass-shedding limit will be presented elsewhere.
CONCLUDING REMARKS
In their work on homogeneous rings, Poincaré and Kowalewsky, whose results disagreed to first order, both had made mistakes as Dyson has shown. His result to fourth order is also erroneous as we point out in the appendix. It thus seems particularly worthwhile to test the correctness of the solutions presented here. For one thing, we ensured that the transition condition
is fulfilled up to the appropriate order in σ. Furthermore we tested that the virial theorem (49) is fulfilled for each order in σ. Please note that one has to be careful in interpreting the results for the thin ring limit. For example, one might think that the squared angular velocity vanishes like σ 2 ln σ. This is true for the dimensionless quantity Ω 2 /Gµc, but need not be true for the squared angular velocity itself. If we fix the 'size' b and the mass M of the ring in that limit, then the cross-section shrinks to a point (a = σb). With (40) we can conclude that µc ∝ σ −2 and therefore Ω 2 ∝ ln σ, which means that Ω 2 and hence the velocity of a fluid element tend to infinity.
Relativistic rings, including the thin ring limit, were studied in Ansorg et al. (2003b) , Ansorg et al. (2004) and Fischer et al. (2005) . From the perspective of General Relativity, the Newtonian theory constitutes a good approximation when certain conditions are fulfilled. For one thing, typical velocities must be small compared to the speed of light c and for another |U | ≪ c 2 must hold. We just saw, however, that for rings of finite extent and mass, the velocities grow unboundedly in the thin ring limit. The same holds for Us as well, see (47). This means that the Newtonian theory of gravity is not appropriate to describe this subtle limit itself, since one cannot expect it to be a good approximation to General Relativity. It is remarkable that the approximation about the point σ = 0 is nevertheless so successful.
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